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Open boundaries in a cellular automata model for synchronized flow: Effects of nonmonotonicity
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In this paper, we have discussed the traffic situations arising from the open boundary conditions~OBC! of
a cellular automata model that can reproduce the synchronized flow. The model is different from the slow-to-
start ~STS! model in that the upper branch of the fundamental diagram in the periodic boundary conditions
~PBC! is not monotonous but has an extremum. The phase diagram and the fundamental diagram of the model
in the OBC are investigated. The results are compared with those of the STS model and those in the PBC. The
current in the OBC as well as the density profiles in the different phases is also investigated.
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I. INTRODUCTION

In the past few decades, traffic problems have attrac
the interest of a community of physicists@1–3#. Traffic flow,
a kind of many-body systems of strongly interacting v
hicles, shows various complex behaviors. To understand
behavior of traffic flow, various traffic flow models hav
been proposed and studied, including car-following mod
cellular automaton~CA! models, gas-kinetic models, an
hydrodynamic models@4–12#. Compared with other dynami
cal approaches, CA models are conceptually simpler,
can be easily implemented on computers for numer
investigations.

The most simple CA model for traffic flow is the rule-18
CA named by Wolfram@13#. In 1992, Nagel and Schrecken
berg proposed the well-known Nagel-Schreckenberg~NS!
model @5#. As an extension of rule-184 CA, velocitiesvmax

.1 are allowed in the NS model. The NS model can rep
duce some basic phenomena encountered in real tra
However, it cannot explain all experimental results. The
fore, several improved versions of the NS model were p
posed, such as the slow-to-start~STS! models@6#, etc.

The CA models for traffic flow were extensively studie
within periodic boundary conditions~PBC!. However, open
boundaries are relevant for many realistic situations in t
fic. Recent researches point out that for models with a uni
flow-density relation, a phenomenological theory can be
veloped to predict the phase diagram in the case of o
boundary conditions~OBC! @14#, which is similar to the one
of the asymmetric simple exclusion process~ASEP!.1

Due to the introduction of the STS rules, the STS mod
exhibit the metastable states and the hysteresis in the P
Thus, the phase diagram of these models in the OBC ca
be predicted by the phenomenological theory. Recently,
issue has been studied@17,18#, and it is shown that there
exist the high flow states in a certain parameter regime

*Corresponding author. Email address: qswu@ustc.edu.cn
1Cheybanyet al. @15# and Huang@16# found large deviations in

the phase diagram of the NS model in the OBC in comparison
the ASEP, which is due to the special boundary conditions used
pointed out by Barlovicet al. @17#.
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finite system. Moreover, a striped structure in the high d
sity phase is observed.

Very recently, the authors presented a new CA mo
which can describe the synchronized flow quite satisfacto
@19#. This model also exhibits the metastable states and
hysteresis in the PBC. Nevertheless, different from the S
model, the upper branch of the fundamental diagram of
new model is not monotonous but has an extremum. Th
fore, it is interesting to analyze what additional effects can
observed due to the nonmonotonicity in the OBC.

This paper is organized as follows. In Sec. II, the mode
briefly reviewed and the OBC is defined. In Secs. III and
the numerical simulations are carried out and the results
compared with that of STS models. The conclusions
given in Sec. V.

II. MODEL AND OPEN BOUNDARY CONDITIONS

For the sake of the completeness, we will now brie
recall the new model proposed by the authors. The mode
defined by modifing the brake light rule and the STS rule
the comfortable driving~CD! model presented by Knosp
et al. @20#, thus it is referred to as modified CD~MCD!
model. The parallel update rules of the MCD model are
follows.

~1! Determination of the randomization parameterp:

p5p„vn~ t !,bn11~ t !,th ,ts….

~2! Acceleration:

if @bn11~ t !50 or th>ts#,

and @vn~ t !.0#, then vn~ t11!5min„vn~ t !12,vmax…

else if „vn~ t !50…, then vn~ t11!5min„vn~ t !11,vmax…

else vn~ t11!5vn~ t !.

~3! Braking rule:

vn~ t11!5min„dn
e f f ,vn~ t11!….

~4! Randomization and braking:

if @Nrand~ !,p#, then vn~ t11!5max„vn~ t11!21,0….

~5! The determination ofbn(t11):

to
as
©2003 The American Physical Society35-1
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if @vn~ t11!,vn~ t !#, thenbn~ t11!51

if @vn~ t11!.vn~ t !#, then bn~ t11!50

if @vn~ t11!5vn~ t !#, then bn~ t11!5bn~ t !.

~6! The determination oftst,n :

if vn~ t11!50, then tst,n5tst,n11

if vn~ t11!.0, then tst,n50.

~7! Car motion:

xn~ t11!5xn~ t !1vn~ t11!.

Here xn and vn are the position and velocity of vehiclen
~here vehiclen11 precedes vehiclen), dn is the gap of the
vehicle n, bn is the status of the brake light@on(off)→bn
51(0)#. The two times th5dn /vn(t) and ts
5min„vn(t),h…, whereh determines the range of interactio
with the brake light, are introduced to compare the timeth
needed to reach the position of the leading vehicle wit
velocity-dependent interaction horizonts . dn

e f f5dn

1max(vanti2dsafety,0) is the effective distance, wherevanti
5min(dn11,vn11) is the expected velocity of the precedin
vehicle in the next time step anddsa f ety controls the effec-
tiveness of the anticipation.Nrand is a random number be
tween 0 and 1,tst,n denotes the time when the carn stops.
The randomization parameterp is defined as

p„vn~ t !,bn11~ t !,th ,ts…5H pb if bn1151 and th,ts

p0 if vn50 and tst,n>tc

pd in all other cases.

We note that in the model,~i! the acceleration capacity o
a stopped car is assumed to be 1 and that of a moving c
2; ~ii ! the brake light is switched on if the speed decreas
and after it is switched on, the brake light will not switch o
unless the car begins to accelerate;~iii ! only when the car has
stopped for a certain timetc does the driver become les
sensitive.

The fundamental diagram of the model in the PBC
shown in Fig. 1, where the parameter values aretc510,
vmax520, pd50.1, pb50.94, p050.5, h56, dsa f ety57.2

Each cell corresponds to 1.5 m and a vehicle has a lengt
five cells. One time step corresponds to 1 s. The system
is L510 000. The density can be divided into three differe
regimes. When the density is low (k,kc1), no jams appear
When density is high (k.kc2), the system is characterize
by the phase separation. Between the two densitieskc1 and
kc2, the system is metastable: the homogeneous traffic
evolve into the synchronized flow; in contrast, if we sta
from a megajam, the phase separation occurs.

2Note the difference of flux between Ref.@19# and this paper. In
Ref. @19#, the densityk51 corresponds to one vehicle/five cell
Thus, the value of the flux in this paper is 0.2 times that
Ref. @19#.
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The open boundary conditions are applied as follows.
assume that the leftmost cell on the road correspondsx
51, and the entrance section of the road includesvmax cells.
In one time step, when the update of the cars on the roa
completed, we check the position of the last car on the ro
which is denoted asxlast . If xlast.vmax, a car with velocity
vmax is injected with probabilitya at the cell min@xlast
2vmax,vmax#.

The right boundary is realized by five cells linked to th
end of the system. The leading car with the positionxlead is
removed ifxlead.L (L denotes the position of the rightmo
cell on the road!, and the following car becomes the ne
leading car. Then a random numberNrand8 () is generated: if
Nrand8 ()>b, then the new leading car moves without a
hindrance; otherwise the new leading car moves as if
cells L11, . . . ,L15 are occupied by a stopped car.

III. PHASE DIAGRAM AND CURRENT

In this section, the numerical simulations are carried
and the phase diagram and the current in the OBC are

FIG. 1. The fundamental diagram of the MCD model in bo
PBC ~solid line! and OBC~scatter points!. The peak of the line is a
finite size effect.

FIG. 2. The phase diagram of the MCD model in the OBC
5-2



OPEN BOUNDARIES IN A CELLULAR AUTOMATA . . . PHYSICAL REVIEW E68, 026135 ~2003!
FIG. 3. The space-time plots of the model in the OBC. The cars are moving from the left to the right, and the vertical direction~up! is
~increasing! time. The vertical direction corresponds to 20 000 time steps in~b!–~f! while it is 1000 time steps in other plots.~a! a
50.3,b50.2; ~b! a50.5,b50.55; ~c! a50.5,b50.6; ~d! a50.5,b50.5; ~e! a50.2,b50.7; ~f! a50.5,b50.7; ~g! a50.6,b50.25; and
~h! a50.6,b50.1.
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lyzed. The parameters are the same as in Sec. II. In Fig
the phase diagram is plotted, which consists of four regio
In the free flow phase, the system is jam-free@Fig. 3~a!#.
Hence the current is determined by the inflow parametera.
In the plot of current vs bulk density~Fig. 1!, the data of free
flow phase collapse into the monotonous increasing par
the upper branch of the fundamental diagram.

In the congested phase I, the system is a coexistenc
jams, free flow, and synchronized flow@Fig. 3~b!#. Due to the
hindrance of the right boundary, the synchronized flow
curs upstream of the boundary. Since the synchronized
is not stable, the jams are self-organized from the synch
02613
2,
s.
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nized flow. The jams propagate upstream, and downstrea
it the free flow occurs. Asb increases, the jams are mo
easily self-organized. Consequently, the region of synch
nized flow in the space-time plot shrinks@Fig. 3~c!#. Whenb
decreases, the self-organization of the jams is more diffic
As a result, the region of synchronized flow expan
@Fig. 3~d!#.

Whenb is quite large, the synchronized flow can only b
maintained near the right boundary and the space-time
in the bulk is characterized by the striped structure, i.e., ja
alternating with free flow regions@Figs. 3~e! and 3~f!#. For
the case, when the jam arrives near the left boundary an
5-3
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exposed to the entrance flux, two subcases can be class
whena,ac'0.38, the width of the jam decreases in av
age because the inflow is smaller than the outflow of a
@Fig. 3~e!#; when a.ac , the width increases in averag
@Fig. 3~f!#. These two subcases are similar to the phase
jams I and II in the VDR model, one kind of the STS mode
except near the right boundary~see Fig. 8 in Ref.@17#!.

In the plot of current vs bulk density, the data of co
gested phase I collapse into the lower branch of the fun
mental diagram whenb is large, and they connect the upp
branch and the lower branch of the fundamental diagr
whenb is small.

Whenb1,b,b2, one can have the congested phase
For the case, the synchronized flow is stable and no jam
appear@Fig. 3~g!#. Thus, it is named synchronized flow~SF!
phase. The SF phase corresponds to the synchronized
pattern as observed by Kerner@21#, where no wide moving
jams emerge. In the plot of current vs bulk density, the d
of SF phase collapse into the monotonous decreasing pa
the upper branch of the fundamental diagram.

FIG. 4. The dependence of the currentq on the parametersa
andb.
02613
ed:
-

of
,

a-

m

I.
ill

ow

a
of

Finally, if b,b1 anda.a1, the maximum current~MC!
phase is observed@Fig. 3~h!#. In the MC phase, the flow is
not restricted by the boundaries but rather by the maxium
possible bulk flow of the given model. In the plot of curre
vs bulk density, the data of MC phase collapse into a po

Now one can see that the lower branch of the fundame
diagram in the PBC is classified into two ranges. The la
density range can be generated in the OBC while the sm
density range cannot be generated. This means not all
possible bulk states are generated by the chosen open bo
ary conditions. This phenomenon is also reproduced and
plained in the work of Namaziet al. @22#, where the car-
following model is used.

We compare our phase diagram with that of VDR mod
~see Fig. 8 in Ref.@17#!. It can be seen that our phase di
gram is quite different: the MC phase appears but the
phase disappears. Moreover, the congested phases o
MCD model~including congested phase I and SF phase! are
quite different from those of the VDR model~including jams
I and II! despite the similarity at largeb. These differences
are obviously caused by the nonmonotonicity of the MC
model.

We would like to mention the implications of our resul
for real traffic. That is, for a road section, if there is n
hindrance at the downstream end~i.e, b50), then the jam
will never occur. Thus, in order to prevent the appearance
jams, particular attention should be paid to the downstre
end of the road section rather than to the entrance. From
viewpoint of whole road networks, a hindrance at the dow
stream end of each section corresponds to a bottleneck
particular attention should be paid to reducing bottleneck

Next we investigate the current in the OBC. In Fig. 4, w
show the dependence of the currentq on the parametersa
andb. In Fig. 4~a!, b is fixed and the curves ofq againsta
are plotted. One can see that in the free flow phase,
current increases with the increase ofa while it remains
constant in other phases. In Fig. 4~b!, a is fixed and the
curves ofq againstb are plotted. One can see that in the fr
flow phase and in the MC phase, the current remains c
stant while it decreases with the increase ofb in other
phases.

IV. DENSITY PROFILE

In this section we focus on the density profiles. Since
vehicle has a length of five cells, the density is defined as
average density in every five cells.

In the free flow phase, whena is relatively large, the
profile is flat in the bulk@Figs. 5~a! and 5~b!#. Near the left
end, a fluctuation is observed.3 The fluctuation is smeared
out due to the randomization. We denotel as the distance
within which the density reaches the asymptotic value. Asa

3The study on density profile in OBC starts from the ASEP. La
it is extended to traffic flow models withvmax.1. The density
defined in this study is somewhat different from the classical d
sity: it denotes the cell occupation. Thus, an oscillated profile
Fig. 5 does not imply an inhomogeneous traffic.
5-4
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FIG. 5. The density profiles in the free flow phase.~e! gives the details of~a! near the left boundary and~f! gives the details of insetA
in ~d!. b50. In ~a! a50.4, ~b! a50.3, ~c! a50.2, and~d! a50.1.
026135-5
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decreases, the bulk density as well as the maximum valu
the amplitude of the oscillation decreases, butl increases
@Figs. 5~a!–5~c!#. The oscillating profile finally occupies th
whole system@Fig. 5~d!.

Near the left end and in the bulk, the densities are in
pendent ofb, the influence ofb can only be observed nea
the right end. In Fig. 6, we show the density profiles near
right end witha fixed at 0.3. It can be seen that forb50,
the densities decay near the right end. With the increas
b, the decay becomes weaker and an increase of the de
at the end of the system occurs (b50.2). Whenb is larger,
the decay vanishes and the densities increase monotoni
as one approaches the right end (b50.3).

Our results are different from that in Ref.@16#, where the
densities always increase smoothly up to the siteL21 and a
sudden drop of density is observed on the last site.4 This is
due to the fact that the right boundary condition used in R
@16# is different. In Ref.@16#, the right boundary is fulfilled
by sitting a stationary car at the siteL11 and vehicles are
removed with a given probability provided the last site
occupied. As a result, a vehicle needs to decelerate w
approaching the right boundary even if the removal proba
ity is 1.

In the congested phase I, whenb is large, a flat profile is
observed in the bulk, which corresponds to the striped st
ture. However, since the synchronized flow is maintain
near the right boundary, the density increases monotonic
as one approaches the right end~Fig. 7, b50.8). Asb de-
creases, the region of synchronized flow expands. As a
sult, the flat profile in the bulk shrinks (b50.7). Whenb
50.6, the flat profile disappears.

If one continues decreasingb, the profile gradually tends
to flatness again. In addition, we note that an increase of
density at the end of the system occurs and enhances wit
decrease ofb.

4Note that each cell corresponds to 7.5 m and a vehicle ha
length of one cell in Ref.@16#

FIG. 6. The density profiles in the free flow phase near the ri
boundary witha fixed at 0.3.
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The density profile in the congested phase I is differ
from those in the congested phase in NS and VDR mod
@15,16#, where only flat profile exists in the bulk. This i
caused by the coexistence of the three phases: jam, free
and synchronized flow in MCD model.

In the SF phase, there is no jam and the profile rema
flat in the bulk ~Fig. 8!. An increase of the density alway
exists at the end of the system. Whenb decreases, the fla
profile in the bulk assumes a lower value and the increas
the density at the end of the system enhances.

The influence ofa can only be observed near the left en
in both congested phase I and SF phase~Fig. 9!. With the
decrease ofb, the region affected bya first expands and
then shrinks: it reaches the widest atb'0.5. Moreover, the
fluctuation of the density profile near the left end also exi
in the congested phase I and SF phase. With the increas
a, the fluctuation becomes weaker.

In the MC phase, the simulations show that the profile
a monotonous decreasing function in the bulk, which do
not depend ona andb ~Fig. 10!. The influence ofa(b) can

a

t
FIG. 7. The density profiles in the congested phase I.a50.4;

b50.8,0.7,0.6,0.5,0.4,0.32 from top to bottom.

FIG. 8. The density profiles in the SF phase.a50.6, b
50.3,0.25,0.2 from top to bottom.
5-6
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FIG. 9. ~a, b! The density profiles in the congested phase I a
~c! in SF phase. In~a! b50.7, ~b! b50.5, and~c! b50.25. The
inset gives the details near the left boundary.
02613
only be observed near the left~right! end. Forb50, the
density decays near the right boundary. With the increas
b, the decay becomes weaker and an increase of the de
at the end of the system occurs and enhances@Fig. 10~a!#.
This is similar to that in the free flow phase. At the le
boundary, the fluctuation of the density profile still exists a
it weakens with the increase ofa @Fig. 10~b!#. This is similar
to that in the congested phases.

V. CONCLUSIONS

In this paper, we have discussed the traffic situations
the MCD model in the OBC. This model exhibits the met
stable states and the hysteresis in the PBC. Neverthe
different from the STS model, the upper branch of the fu
damental diagram of the model is not monotonous but ha
extremum.

The phase diagram of the model in the OBC is inves
gated, which consists of four phases. The typical space-t

d

FIG. 10. The density profiles in the MC phase. In~a! a51.0,
the solid line, dotted line, and dashed line correspond tob
50,0.1,0.15. In~b! b50; the solid line, dashed line, and dotte
line correspond toa51.0,0.8,0.5. The inset gives the details ne
the right boundary in~a! and left boundary in~b!.
5-7
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plots of the four phases are given. Compared with that of
VDR model, the new phase MC appears but the phase
disappears. Apart from this, the congested phases of
MCD model are quite different from those of the VD
model.

The fundamental diagram in the OBC is studied and co
pared with that in the PBC. It is shown that the data
different phases collapse into different parts of the fun
mental diagram. We find that the branched fundamental
gram in the PBC turns into a nonbranched one in the OB

The dependence of the currentq on the parametersa and
b is discussed. The simulations show that whenb is given,
the current increases with the increase ofa in the free flow
phase while it remains constant in other phases. On the o
hand, whena is fixed, the current remains constant in t
free flow phase and in the MC phase while it decreases w
the increase ofb in other phases.
g

.

e

,
-
-

A
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The density profiles in the OBC are also investigated. I
shown that in different phases, the profile is qualitative
different. We find that except near the boundaries, the pro
is flat in the free flow phase~when a is not small! and SF
phase but is monotonically decreasing in MC phase. In
free flow, the oscillating profile may occupy the whole sy
tem if a is small. In the congested phase I, the profile m
not be flat in the bulk due to the coexistence of jams, f
flow, and synchronized flow.
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